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1. INTRODUCTION

This report deals with the forces and moments exerted by a liquid payload
during spin-up on a spinning and nutating right circular cylinder. The cur-
rent work stems from the original paper by Stewartson, 1 improved by the
viscous correction of Wedemeyer. 2  It represents an extension of the work
presented in Reference 3, which treats the particular case of circular angular
motion wiLh constant nutational frequency and zero yaw growth. Here we deter-
mine the viscous shear contribution to the moment in addition to that of the
pressure. The ad hoc model of Murphy,4 described in Reference 3, is employed
to compute the spin-up moment.

In tne dnalysis, two coordinate systems are considered. The first is an
inertial system, the unyawed reference frame shown in Figure 1, in which
cylindrical polar coordinates* (r, o, x ) and Cartesian coordinates (y, z, x)
are used. The second coordinate system, used to describe the projectile

motion, is the y, Z, x non-spinning system that has the x-axis along the

projectile axis of symmetry; the y and z axes are omitted from Figure 1 for

clarity. The x = 0 and x = 0 values are located at the midplanes of the

unyawed and yawed cylinders, respectively. The x-axis is nutating about the
x-axis with the angle K1 (t); the pivot point lies at the midplane. The

components of the projection in the y, z plane of a unit vector lying on

the x-axis are denoted by nyE and nZE, respectively. It is convenient to com-

bine the two components of yaw into a single complex variable

- (nyE i nZE). (1.1)

The nomenclature here is that prescribed in Reference 5 and used in References
3, 6, and 7.

~efiritioms of qucuntities ai c given in the LTST OF SYMBOLS Section.

I. K. .tewi',tson, "On the Stability of a Spinnin; Top Containing Liquid,".J(ur;C, :4 Flui'i h2nis, Vol. 5, Part 4, 1959.

2. F. '1. Woiemo?i,'P, "Vist.ous Corrections to Stewartson's Stability Criter-
n ," tii R,?eaarh Laboratory, Aberdeen Provin3 Ground, Maryland,

Reeort Vo. 1287, June 1966. (AD 489687)

2. V. ;,,n , "L'on;tribti.n of Presoure to th? omcnt hir in Spin-lip or, a
N ,t. : i quid-Flled Cylinder: Ad Hoc V1o lI," !alistic Reoearch
,ibor it.,', Aberdeen Provin, ,1round, Maryland, ARPRL-TR-02563, June 1984.

4o. ei. . y, "Vient Ilruced by fquid Paylod o 3,rn, Spin-Up Without a
.it i 1a 7/ I', Balli.tic Re.,eanrh Laboratory, Aberdeen Proving Ground,

,'tan nd, A'iRfRl-TR- ?2587, Augu,,t 1984. (AD A145?16) (See also AIAA 22nd
A,?o.wae rcie,;(,?z Veetfn7, RPno, Nevada, AIAA Papr' No. 84-0229, Jaruary

7
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The projectile motion is specified as

SK e = 0 ift (1.2)
=K 1 e =K 0 e

where

K1 = K eETt' = f = (1 - iE) T. (1.3)

Here t is time, (rad/s) is the axial component of the angular velocity of
the cylinder; T and ET are nutational frequency and yaw growth rate,
respectively, divided by $. K0 is the magnitude of the yaw at time t

0; 1 is the angular orientation of the x-axis in the y, z, x system as shown

in Figure 1. Lengths and distances are non-dimensionalized by a, the cross-
sectional radius of the cylinder. The yaw grows when ET > 0; however, in this
study we apply the restriction c = 0.

Computational results will be presented in terms of time histories of
non-dimensional moment coefficients. Each history is specified by the three
parameters Re, A -c/a, and T, where

Re = $/V (1.4)

is the Reynolds number and v is the kinematic viscosity of the liquid. The
reader is referred to References 3 and 7 for details of the analyses; only the
relevant features will be repeated here.

II. FLOW PROBLEM

A. Flow Variables.

Here, as in previous work '6,' we assume the yaw to be sufficiently
small so that a linearized analysis is applicable, i.e., the flow may be

5. C. H. Murphy, "Angular Motion of a Spinning Projectile with a Viscous
Liquid Payload," Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, ARBRL-MR-03194, August 1982. (AD A118676) (See also Journal of
Guidance, Control, and Dynamics, Vol. 6, July-August 1983, pp. 280-286.)

6. N. Gerber, R. Sedney, and J. M. Bartos, "Pressure Moment on a Liquid-
Filled Projectile: Solid Body Rotation," Ballistic Research Laboratory,
Aberdeen Proving Ground, Maryland, ARBRL-TR-02422, October 1982.
(AD A120567)

7. N. Gerber and R. Sedney, "Moment on a Liquid-Filled Spinning and Nutating
Projectile: Solid Body Rotation," Ballistic Research Laboratory, Aberdeen
Proving Ground, Maryland, ARBRL-TR-02470, February 1983. (AD A125332)

8
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consilered 'he sum of d known basic unperturbed axisymmetric flow and a 3-D
perturbation flow. The basic flow employed here is the Wedemeyer spin-up
model8 (see Eqs. (2.2) and (2.3) in Reference 3) which is obtained by finite
difference calculations. Thus,

S. - Ku (r, O, x, $t) (2.1a)

0v V (r, $t) - K0 v (r, 0, x, $t) (2.lb)

w W (r, x, $t) - K0 w (r, O, x, $t) (2.1c)

0

p P (r, $t) - K0 p (r, O, x, it). (2.1d)

The u, v, w are velocity components in the radial, azimuthal, and axial
directions, respectively; U, V, W are the corresponding velocity components of

the basic flow. The velocity components of the perturbed flow are u, v, and

w. The quantity p is pressure, P is the pressure of the basic flow, and p is

the perturbation pressure. Velocity is non-dimensionalized by a$ and pressure
2 .2

by pa-, , where p is the density of the liquid. The angular motion prescribed
by Eq. (1.2) leads to boundary conditions on the perturbed velocity components

at the sidewall and endwalls with a t, 0 dependence of e
i (T$t-0)

B. Assumptions of Model.

The present model assumes the following form for the perturbed flow
variables:

u = Real u (r, x; $t) exp {i (T$t-O)}] (2.2a)

v = Real Iv (r, x; $t) exp (i (T$t-O)}] (2.2b)

w = Real [w (r, x; $t) exp {i ( $t-O)}] (2.2c)

p = Real [ (r, x; It) exp {i ( $t-O)}]. (2.2d)

8. A,'. 'I. W. 2l 'n, "'rle'~,'nt~ad/ .~l~ow W.thin - Spinyiinq Cylinder," allistic
',h.qearoh I,,Lbor,torl, Ahlrde&n Prooij Ground, Maryland, RRL Report No.

"2:T~h, ht r 1. 63. (AD A431846) (See also Journa, of Fluid Aechanics,
V*i. :o, Part 1, 1964, pp. 383-399.)

9
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The u, v, w, and e are complex functions; the time, t, enters them only

as a parameter due to the "quasi-steady" assumption (discussed at the end of
Section II.A in Reference 3). The resulting problem in u, v, w, and p is

formally time-independent, implying that there are no transients in the lag
between the motion of the cylinder and the corresponding response of the
flow. The solution of Eq. (2.2) would be most valid late in the spin-up
history of the fluid, and its applicability would be expected to decrease as t
decreases.

The differential equations for u, v, w, and 2 are given by Eq. (2.9) in

Reference 3, the axis and sidewall boundary conditions by Eqs. (2.10) and
(2.11) in the same report. V(r) and V/ar occur in these, but U and W are
absent.

The following ad hoc endwall boundary ccndition is applied in the absence
of a rationally derived boundary condition:

L(w) -(1 ' 
6cE Vl3x) w = i (1 - T) r at x : A. (2.3)

It is discussed briefly in the last two paragraphs of Chapter I of Reference
3. This condition will not be satisfied exactly by the solution but only to
within the accuracy of a least squares fit. The complex "thickness" 6cE is
found as follows:

O 2/2 ReE/2 (I - i) (3 - T)
1 /2  (2.4a)

2-1/2 ReE112 (1 + i) (1 + T)I /2  (2.&o)

1 2 ) +1 + 2 )

6cE = [. 2 L(I 2- + E (1 + (2.4c)
EP i

with the restriction (3 - -) > 0. The "effective" Reynolds number used here
is given by

ReE (t) : [2 V (r; ;t) dr] Re. (2.5)

0

For solid-body rotation, with V = r, the bracketed term is equal to unity, and
ReE Re; while the fluid is spinning up, V < r and ReE < Re.

10
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C. Flow Solution.

The flow solution is expressed as

KF NJ

(r) x + uk(r) sin xkx + d (r) sin ,jx (2.6a)

k = I j = 1

K F NJ

v v v k (r ) sin XkX + d. (r) sin pjx (2.6b)

k j~

K F NJ
w= (r) - w,(r) cos AkXk- d j(r) cos j.2x

k=1 :

K F NJ

o(r) x + Pk(r) sin XkX+ d (r) sin ijx, (2.6d)

k=1 j~l

where Uo , uk, jj, etc. satisfy Eq. (2.23) of Reference 3.

The x Is are solutions to the functional equation (see Eq. (31) of

Reference 6)

cos Nk A + Ak CE sin A A = 0, (2.7)

so that. every wk(r) cos xkX term satisfies the homogeneous endwall condition

L(wk cos Xkx = 0 at x = ± A, where the operator L is defined in Eq. (2.3).

At r 1 1, v . W, so that the jj's are eigenvalues of Eq. (2.23) of

Reference 3 with 1k replaced hy j, (The normalization of the corresponding

Sei qenturicLiri, is descrihed in Chapter III.C of Reference 9.) Thus, the
lartial so1 itin tik en t r()m [q. (2.6),

| . ... ,.. ..



U Uo (r') X + ik(r) sin \kx ,  etc., 2.8)

k

sat i,,ties the sidewall conditions (Eq. 2. 1) of Reterence 3):

u (r 1) u r x) - (1 - ) x (2.Ya)
-- - 11

v (r I 1) - v r V1) - - r(r - 1) - iC × (?.ob)

w (r - w r - 1C (1 - . (?.1c

vt i tly, tnle p,trt I o 1 uolt1 on

I U ( r) x +i J(r) sin pjx (?.lOa)

O (r) d. I(r) cos tj×, otc., (2.1Ob)

I lt t to satisfy the nn,-homoqeneotms erwa I houndary condition of Eq.
(. ) . The wP ot Fq. (?. IOb) cannot sat i ,ty I q. (2.3) identically; the

c(ll ' s art therefore tieternined so as to minimize in a least squares

' te tho error over the interval 11 < r < 1.

C !. jjeratt Tioual Prm odur .

lhe current l ,.'rat ional procedure litters t rom the one empl oyed in
Rettererne i. [tt, now method was suqJqested by C. H!. Murphy. The fi rst step i s
tI It I I IIt ' rhe comp C ox eiqenva Iles , and the eiqenfunctions , w ,p

,I. tit re to 1 .. . , NJ.

]he nxt - ,lp , to solvet tht' difter'ential ,luatiotis for (u V v W0  PO

(C U. (7.?3) ot Rterence 3, with k k  ' and k I . The nrthonormal ization

1wCr'.( e;t ''torne, o) I eI ye d to obta in three I inearly independent con-

".iu, ,, solutions (0 i, V,' WI i , v W', where i 1, 2 3, by applying the

* tn C ,wi ,j th, ,o 1 rloiepndont swt.,  of Lmmld,ry ( nlt ions at r - 1:

17 , V1 1 I, W CC (? . l a)



_____________.....___,___-__ .- - ".- . v- . '- ~.- . . - - . '- -. - . .

+ , ( +( ) 3 (2.11c)

The third set, Eq. (2.11c), is [i (I - r)] " times the boundary values of the

particular solution for solid body rotation. In providing a known limiting
case, these latter numbers prove to be helpful in checking the program and
assessing the accuracy of the procedure. Finally,

uo kl U + k 2 + k 3

Vo k1 V1 
+ k2 V2 

+ k3 V3  (2.12)

w = k W1 I + k2 W2 + k3 W3  etc,

where kl, k2 , and k3 are constants to be determined.

We apply the same condition on w (1) as on w(1); namely, Eq. (2.9c):0-

wo(1) = i (1 - t). (2.13)

Then, by application of Eq. (2.11),

k i (1 - ) (2.14)

and

w0(r) kI Wi(r) + k2 W2(r) + i (1 - ') W3 (r). (2.15)

Upon substitution from Eq. (2.15) and Eq. (2.lOb), the endwall ad hoc
boundary condition at x - A becomes

N-J + 2

R(r) p (r) - N= e. wj(r) 0, (2.16)

where 1

e. (cos A + c E Wj sin pj A) dj (j = 1,2,...NJ) (2.17a)

eNd+ k1' eNd k (2.17b)

13
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w W (2.17c){ ~NJ + 1 1 )(21+

wNJ + 2 W2(r) (2.17d)

(r) = i (I- .) [W3 (r) - (2.17e)

The error, R(r), will not be identically zero. We seek to optimize the

fit of the solution to the boundary condition by determining a set of ej's
which minimizes the error integral

g (el, .... eNJ + 2) - IR(r) 12 dr. (2.18)
0

The procedure for calculating the ej's is presented in Appendix A. There are
now NJ + 2 functions and constants with which to minimize the error, as com-
pared with NJ functions and constants in the method of Reference 3. This
additional flexibility is expected, generally, to produce an improvement in
accuracy in satisfying the endwall boundary condition. The measure of the
relative error adopted here is given by

p I ri2

Er = [g/ ip (r)I 2 dr]uIL. (2.19)
0

The constants kj, k2 , and k3 are now evaluated from Eqs. (2.17b) and (2.14).

Finally, the differential equations (Eq. (2.23) of Reference 3 with

p= 0) are solved for uk, vk, wk, Pk with the boundary conditions at r = 1

obtained by subtracting uo(1)x, vo(1)x, wo(1) from the conditions of Eq.

(2.9). Thus for k 0,

uk(l) - (1) + i (I - T)] bk (2.20a)
k ~ 0k

vk(1) = - [o(1) + Vr(1) - T] bk (2.20b)

0 1) = v~) Vr'

Wk(1) 0, (2.20c)

where

2 2 sn~(2/) [i + (kC sin Ahk + , (2.21)
A [1 + (Ak cE)' ]  

- 5cE

14
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given by Eq. (2.29) of Reference 3. The complete solution is now available to

compute forces and moments.

I1. LIQUID MOMENTS

A. Sidewall Moment.

Definitions of sidewall pressure and shear moment coefficients are stated

in Eq. (5.6) of Reference 7. MLiL is the moment about the (transverse) z-

axis exerted by the liquid on the sidewall of the container:

MLZL/(2npa4c 2 KI) = C(LSM)PL sin t4pt + C(LIM)PL cos T$t +

(3.1)

C(LSM)VL sin T~t + C(LIM)VL cos T t.

The LSM and LIM designate side and in-plane moments, respectively; i.e., the
moments tending to change the yaw angle and nutational frequency, respec-
tively. P indicates pressure, V indicates viscous wall shear, and the final L
(lateral) designates sidewall.

The boundary layer assumptions (p. 20 of Reference 7) are retained in the

derivation of the shear moment; thus, au/ar, au/aO, and au/ax at r = 1 are
dropped. For spin-up, additional order of magnitude assumptions are made.O(oR3/2-

While terms of O(Ko/Re) are kept, terms of O(K)/Re ) are omitted; thus,

U, aU/ ar, 3W/ar, and aW/3z are dropped. The term [Vr(1) - 1] appears in the

* moment coefficient formula, and it is also neglected. Because of the boundary

layer in the perturbed flow, it is expected that Jav/arJ and law/arl >>

[aV/r - V/r] at r = 1 except at very early time when the theory is not
applied.

We replace Eq. (5.7) of Reference 7 with the following set of formulas
applicable to spin-up for the present circumstances (e = 0), where

- integrands are evaluated at r = 1:

C(LSM)PL - ( 2  A)- Real [-i x (p+x) dx] (3.2a)
D -A

C(LIM)PL = (2T A) Imag [-i x (e+x) dx] (3.2b)

15
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CRa A aw v x2 3VC(LSM)VL R 2 A Re [- - i ( - -)I dx]

S2(3.2c)

C(LIM)VL = 2A Re Imag -i A T- X X i )-- ) dx]. (3.2d)

-A "

The 3V/Dr term replaces unity in Eq. (5.7c) of Reference 7 as a consequence of

the sidewall condition on v (Eq. (2.6b) in Reference 3). (The third term of
the integral in Eqs. (3.2c) and (3.2d) has been retained here and in Reference

r7 even through other terms of the same order in Re have been dropped in the
boundary layer approximation.) The variables 2, v, and w are evaluated by the

formulas in Eq. (2.6). Detailed expressions for the integrals in Eqs. (3.2a)
and (3.2b) are given in Eqs. (3.8), (3,9), and (3.10) of Reference 3.

B. Endwall Moment.

MLZE is the moment about the (trancverse) z -axis exerted by the liquid

on the endwalls of the container. We restate Eq. (5.12) of Reference 7:

MLZE /(2 pa4$2t K1 ) = C(LSM)PE sin T$t + C(LIM)PE cos t$t +

(3.3)

C(LSM)VE sin T$t + C(LIM)VE cos T$t.

The endwall pressure moment coefficients are given by

2 r2
C(LSM)PE = [I/(T A)] Real [i r {p(r,A) + A V2/r} dr] (3.4a)

C( = [1/(T A)] Imag [i r{(r,A) + A V2/r} dr], (3.4b)(LIM)PE 0r {(,)+AV/}d]
0.

which are the same as those obtained from Eqs. (3.12) = (3.18) in Reference 3.
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For the endwall shear

C(L.M)VL - [I/(-[ Re)] Real F r (a (v - i u)/ax} dr] (3.5a)

C(LIM)VE = - [1/(T Re)] Imag r {a (v - iu)/ax} dr], (3.5b)
(LI)VE Ox A

the same as Eqs. (5.13c) and (5.13d) of Reference 7. The treatment of the
term 3 (v - iu)/ax parallels that in Section V of Reference 7, where it is

shown that the second term dominates the right-hand side of Eq. (5.19).
Analogously, here

r {3 (v iu)/3x} dr - BE r [-A{1-2T + Vr(r)} + i rv(r)] dr, (3.6)
( x=A 0

where

KF NJ
=v (Vo-o) A + (vk-iUk) sin xkA + dj( j-i5j) sin uj A. (3.7)

k1

C. Total Moment Coefficient.

The total side moment coefficients due to pressure and shear stress,
respectively, dre

C(LsM)P C(LSM)PL + C(LSM)PE (3.8a)

(1 (LSM)V C(LSM)VL + C(LSM)VE. (3.8b)

The total sid. h oment coefficient is

'(LSM) "(LSM)P + C(LSM)V" (3.9)

We now define the tollowing side moment coefficient:

p-17



CL C T. (3.10)

For given cylinder, liquid, and spin, CL is proportional to side moment,
regardless of the perturbing frequency.

IV. COMPUTAT IONS

A. Results.

We present side moment coefficient histories for the same four combina-
tions of Re and A that were considered in Reference 3. These cover a Reynolds

number range of approximately 5 x 103 to 2 x 106. Here we plot CL instead of

CLSM. There is an advantage to this representation in that relative ampli-

tudes of moment are immediately apparent for all perturbing frequencies.
Again, the results are compared with inviscid perturbation calculations
produced by the method of Murphy.'

In Figure 2, CL histories are shown for five nutational frequencies:

= 0.04, 0.05, 0.09, 0.12, and 0.14. These were computed with the Wedemeyer
laminar Ekman layer spin-up flow model. 8  The results are qualitatively simi-
lar to those of Figure 2 in Reference 3. The - = 0.04 curve asymptotically
approaches its maximum with increasing ot, indicating a resonance for spun-up
liquid. All the other curves have peaks demonstrating resonance with the (k,
n) = (3,1) natural oscillation mode of the liquid.* The T = 0.12 and 0.14
curves have additional peaks (right-hand peaks) produced by resonance with the
(k, n) = (5,2) mode. There appears to be a maximum overturning moment that
the casing can experience, produced by a particular nutational frequency at a
particular time. In this instance the maximizing frequency is very likely
close to - = 0.09 and the time close to $t = 1200. For T = 0.12, the
amplitude of the (k, n) = (5,2) mode is small compared to that of the (k, n) =
(3,1) mode; however, for r = 0.14 the two amplitudes are comparable.

The inviscid perturbation results are also shown for T = 0.04, 0.05, and
0.09; for r = 0.12 and 0.14 inviscid results are unobtainable because of the
presence of the "critical layer" (discussed in References 10 and 11), occur-
ring when V/r = at some r. The relative positions of the curves are

.:. .P(I, 3; t>'',Op B ZZ"t'ioF:;' a .zw' ,v, A:')(nrecr Provi' .'7" ,round,

Z"'!
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similar to iose in Figure 2 of Reference 3, but the relative discrepancies
are now larger, for a discrepancy in viscous shear moment is now added to that
in pressure moment. However, the predictions of times of peak moments still
agree to within about 0.07 s.

Figure 3 deals with a case of smaller spin-up time (spin-up time defined
in Chapter I of Reference 12); therefore, the interval of interest applies to
smaller ,t . The Ekman layer is taken to be laminar in the spin-up flow model.
In Figure 4 the eigenfrequency histories of five oscillation modes during
spin-up show the times when resonances with the coning frequency T = 0.15
occur, i.e., when CR = 0.15. The time of occurrence of the peak obtained by

the present method, ;t = 225, indicates a resonance with the (k, n) = (3,1)

mode. The inviscid perturbation method fails to show this resonance; possibly
the ineLhod deteriorates with decreasing time shortly before it breaks down due
to the critical layer. The inviscid computation shows a prominent peak at
t -250 in Figure 3 where the frequencies (computed with inviscid perturba-

tions) of the (k, n) = (5,2) and (7,3) modes are approximately equal to 0.15.
The present calculation shows no indication of resonance at this time, though
a jog appears in C(LSM)P in Figure 3 of Reference 3.*

The present computatio- does not extend below ;t = 200 because of
problems (described in Chapter II.C of Reference 3) which arise at "small"
times. These are manifested in the difficulty encountered in obtaining
certain of the .'s. While this difficulty is not necessarily insuperable,

the required labor can at times render the effort infeasible.

In Figure 5, moment coefficient histories are shown for Re = 1.85 x 106

for two aspect raLios differing by 2.55%. The turbulent Ekman layer was .
employed in the spin-up model here. The sensitivity of side moment to c/a is
borne out by the two widely differing responses to disturbances of the same
frequency. Both cases can be plotted on the same graph since the times of
significant variation in the two sets of curves differ markedly (;t - 10,000
for A = 4.913 and $t - 40,000 for A = 5.100).

We first consider the c/a = 5. 100 case. Figure 4 in Reference 3 demon-
strates the agreement between the present and inviscid perturbation methodsfor the pressure contribution alone. Discrepancies between the two outputs

are noticeably increased when shear moment is included, particularly near the
times of occurrence of the peaks. In the present method, the viscous shear
increases the overturning moment by as much as 25% at $t = 42,000; whereas,
the inviscid perturbation method generally yields a slight decrease. However,
the two curves approach each other as $t increases, reaching a limiting value

, * .. ,.* 1i'- :'" '" "' " '  ' * : / I ..; t ,, A, "*.',, r.."' t, )PH i, 1!. 'hJ,,2 ,, I 'p ,:. _ : ,, '" 11','mfI;
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of CL = 2.b lo 4 . The predictions of times of peak moments differ between

the two inetnod', :y approxi mateI 1.6 s for ,, ,Fii;ure 4 of Referenco 3)
and hy d pproxinmately I., , s for CL

iFir c/a -- .1.)73 the addi tion of shear n)iielL Ices not affect the inviscid
output. qualitatively, as i rid i cted hy i nsppct ion of prPsent Figure 5 and
Figure 5 of Reference 3. However, it drastically changes the picture for the
present in, tnod; the CL curve has a minimum with negative value as before, hut

it also has a peak immediately afterward. The peaks for both aspect ratios
indicate resonance with the (k, n) = (5,1) mode of the liquid.

:1. Ac mra,.y (f i(esults.

Contidefinc. in the nimeri cl resl t , r ,;i irs5 ,ie eStimate of their
a(cIracy. A t.nOrouqij-goinj error 1-tudy for wido ran-jes of physical parameters
i, riot teisihl,; we confine our attention to the cases treated in Section
IV.A. rhre are at least twelvw parameter; in the spin-up and perturbed
Navior-Stoke,; calculations Aonne that control the accuracy of the numerical

pro-edures. Accuracy as osed here is quite different from validation of the
theory. There are, in fact, no experimental data to compare with the present
theory.

In ,ill oases we c)mpllted spin-rip protiles witn r-nterval A r 1 1/200 and
.!o interval 1. (t) small enough so that five or fewer iterations were

required for- convergence. For the perturbation equations, we took A r =

1 'A1d0) and performed no less than fifty orthonormalizations. We used as many
1'; thirty ter:n- of the power series to evaluate the solution to the perturba-
tion equations at r = 0.001 where the numerical integration began, and we used
seven terms (hk sin \kx) in the hiorthogonal expansion of the function x. In

dII iterative processes, we required convergence at least to five decimal

:,i tillS priolt,,i an additional factor, apart trom thoSe introduced by the
ri.ierical operations, must he considered; namely, the error Er of Eq. (2.19)
. I. t , i g from approximating i (r) by a finite series, w. (r), ini = 1 e 'i ,1

; -. kl . and 1'.17). This approximation is T.,.:, in irder to minimi ze the
'1v-ril! error resultinq from failure of the ;llnn ,t satisfy the ondwall

$)i'ry condition identically. In the procjelnrf, )f Rference 3, dos iqnated

', I ' here, we used NO 's, wheres , in in,- ,rene>t procedure. desig-

n o "Metnlod II," we e iy K P , I )y NJ N of t whicn are

irlentic~il to those ot Method I. Whenever pnssihi.',w sPt Ni 6, hut it is
not always possible to do so.

lgores 6, 7, ;-1 ,ind 1) present oompirisn,., , it ',rr for Method', I and 1I.
In v:th rlihols, (r) 0 a,:l eill >, s i , rntatlOn, so that in

* r jl , ji1j, Ir ( 't ) in inler,,riinat . in 'n j' innera] trer', in
I- th eo rror t, erases as ti , e,- ,ra s a" , ,, hes a 'in im:ir, and



then increas s, sometimes at a rapid rate, as t + 0. In Figure 6, Method II
yields a considIerably smaller error than Method I, being always less than 1/2
percent; the same result holds for 1 = 0.04 and 0.09. One would expect a more
accurate approximation from Method II because there are NJ + 2, as compared to
NJ, functions with which to approximate p (r). This is true in most of our
cases. However, the error of Method II can also become very large, as shown
in Figure 1. We note that ¢ (r) and the functions with which it is fitted
generally have sharp dips or spikes near r = 1 because of the sidewall bound-
ary layer. Furthermore. at early time when a critical layer is present, these
functions often have sharp oscillations in the critical layer. These two
factors should account in part for the large error of Method II at early time.

Method II produces a considerably smaller error than Method I for the
case in Figure 8 and for the c/a = 5.100 case in Figure 9. For the c/a =

4.973 cdse in Figure 9 the region of resonance is at early time, and the two
methods have comparable errors. In all the error plots except those in Figure
7, six eigenvalues . and corresponding eigenfunctions were used. In the plot

for T = 0.12, due to the difficulty of computing other eigenvalues, only the
n 1,2,3,4 modes were used for $t>lO00 and the n = 1,2,4 modes for t1000.

The eigenvalues ,j, together with their associated eigenfunctions, w(r),
are important parameters of the solution, not only in the number used but also
in the choite of eigenvalues and functions when a choice is available. At
solid body rotation the radial oscillation modes are identified according to
the ;ncreasing value of the real part of the eigenvalue and designated as n =
1,2, etc. lhe osc ilation modes retain their identity with decreasing time,
hut eventually their history has to be traced in small time decrelnents since
some of the Real ( n ) vs t curves cross.

Lxperi ence i ndicates that the most accurate calculations are obtained
when the lowet pus-i1 le nodes are employed in the approximation to , (r);
e.g., if NJ = 4, the j =, 2, 3, 4 in Eq. (2.6) should correspond to n = 1,
9, 3, 4. Tahle I provides an illustration. To three figures, the (n = 1, 2,
3, 4) comihination gives the same CL values as the six-mode calculation, which

pressumahl Iy is the most acc orate choice; and the CL from the (n = 1, 2, 3)

coimination differ, trom these by less than 31. It should he noted, however,
that d(Ar'eiiInt )et, oon the four- and six-mode approximations is not always as
qood a,, thit 4 ' d ii ,,i in this part icldar case. The other combinations give
values i.t [ tijt iw ter !y dt least lI0 and 1A1 from 0.0204. In this instance
th1 ,tm'l t i n(o ,t. !)f mode is inore ntable thd n sensitivity to number
of oid,'. l i, !h I joli tourth coITi ird ations in Table 1 (dn arise in the
actiual minIIt V 'l uti )fl. inder kertain circum,t.ances, the iteration process
,nay _onvorg,, t.) M ,g'OigevalU , ot.ner than the one being sought if toe initial
StesS i, r 10. ,t f i, rt y rL e t.o the, final atswe r. This phenomenon is
Il<,. is st ir ma: p 7 of ket e rent e 1. In thie ud s, shown in Table 2, the two
det'ter inam 'jr', ,t , [ ditter )y alto!it

11 mJii rm, iarid 1? coimpare t )e o~ h t 1 ed bIy Me t h ods I and 11.

For tne h ' , ,/12 laO Ro . as, thero is general agreement
between tlhe outputs of the two method) even theugih the fr 's i sagree (Fi gures
h and 9). Thus, ir is n' a sensit. ive indicator of the effect on CL of the

. . . . . .. - .- - -.-.. - - -. - -. . - -



method employed. For the Re = 4974 case, the discrepancies are appreciable;
e.g., at t = 400 the CL of Method I is less than half of the CL of Method

II. In light of the errors plotted in Figure 8, we conclude that Method II
yields the more accurate value of CL in this particular case.

TABLE 1. EFFECT OF RADIAL MODES ON ERROR AND MOMENT COEFFICIENT:

Re = 4974, A 3.30, T 0.15, $t 220.

Mode (n)
Combinations Er CL

1, 2, 3, 4, 5, 6 0.14 0.02044

1, 2, 3, 4 0.58 0.02043

1, 3, 4, 5 3.65 0.02268

2, 3, 4, 6 10.89 0.01674

1, 2, 3 1.38 0.02051

TABLE 2. Er AND CL FOR TWO SETS OF MODES: Re 39,772,
A = 3.12, t = 0.14, $t = 1000.

Mode (n)
Combinations Er CL

1, 2, 3, 4, 5, 6 0.97 0.000637

1, 2, 3, 4 4.14 0.000585

V. SUMMARY

The primary mechanism for producing unstable motion of projectiles with
fully spun-up liquid payload is resonance between the coning motion of the
projectile and inertial oscillations of the contained liquid. Resonance also
occur-, early in the flight during spin-up, but the transient natures of the
fluid flow and projectile angular motion make prediction of instability more
difficult than for solid body rotation. This report describes a procedure,
hased on linearized flow, for calculating the side moment exerted by the
liquid on the casing during spin-up for the special case of constant coning
frequency and zero yaw growth. Here the moment due to shear forces is
included in addition to that due to pressure forces. The heuristic approach
of Murphy" is used which makes crucial assumptions regarding time-dependence

2]



of the flow and the endwall boundary condit .,. Because of the specialized
angular motion the present treatment cannot simulate actual flight, although
it can simulate performable gyroscope experiments. The validity of this
method is expected to be strongest at late time and diminish with decreasing
t ime.

Calculations were performed for four combinations of Re and A and a
variety of nutational frequencies. The peaks of the CL vs $t curves indicate

transient coincidence of certain inertial frequencies of the liquid with the
frequency of coning. For a given container, payload, and spin, there is a
finite frequency which maximizes the side moment during the course of spin-up.
The duration of a side moment surge, as well as its amplitude, will undoubted-
ly be a factor in determining onset of instability in a free-flight situation.
Comparison of output with results of the inviscid perturbation method shows
qualitative agreement at late time but differing indications of resonance at
early time, as, for example, in Figure 3.

In the current analysis an ad hoc correcti'n was made to the endwall
boundary condition which is an extension of the correction for the solid body
rotation problem. A subsequent refinement should be the inclusion of the
Eklian layers in the basic flow. This step is necessary in order to have a
rational approximation to the solution. It is not expected to be easy to
achieve.
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APPLN) IX A. CALCLLATILON OF ej S

NJ

rr) - .(A.1)

j I

We now detine tfle fotn )lw nl q o1ejrentS

TI • n. n  (r ] Jr n 1 ... ,NJ + 2 (A.?)

0 con [ n] dr n,j = 1,... ,NJ + 2, (A.3)

where conj [Wn ] is the complex conjugate of Wn"

The ej's vwhich miniinize the error integral g of Eq. (2.18) are found by

solving the following system of linear complex equations:

NJ + 2

Sn I S n 1,...,NJ+ 2. (A.4)
nj j n

I,



LIST OF SYMBOLS

a cross-sectional radius of cylinder, Figure 1 [cm]

A -c/a, aspect ratio of cylinder

hk  biorthogonal coefficients for series expansion of x in interval

-A < x < A, Eq. (2.21)

half-height of cylinder [cm]

A C[SM r, a side moment coefficient

C(IIm)pE endwall pressure in-plane moment coefficient, Eqs. (3.3)
and (3.4h)

C(LIM)P L  sidewall pressure in-plane moment coefficient, Eqs. (3.1)

and (3.2h)

endwall viscous shear in-plane moment coefficient, Eqs. (3.3)
* '(LIM)Land (3.5b)

C(LIM)VL sidewall viscous shear in-plane moment coefficient, Eqs. (3.1)

and (3.2d)

* SM  total side moment coefficient, Eq. (3.9)

C(I Sr)P pressure side moment coefficient, Eq. (3.8a)

C endwall pressure side moment coefficient, Eqs. (3.3) and (3.4a)"LSM)P[ ofiinEq.(.) (.a

C( ISM)PI sidewall pressure side noment coefficient, Eqs. (3.1) and (3.2a)

viscous shear side moment coefficient, Eq. (3.8b)* '(L-SM)V

CI SM)V end(wall viscous shear side moment coefficient, Eqs. (3.3)and (3.5a)

C(L)M)VL sidewall viscous shear side moment coefficient, Eqs. (3.1)
and (3.2c)

C natjral oscil lation frequency of rotatinj liquid/ .

• . o• . . -'i4 -



LIST OF SYMBOLS (Continued)

coefficient in series given by the 3rd terms on right-hand
U sides of Eqs. (2.6a) - (2.6d)

coefficient defined in Eq. (2.17a)

Lr relative error measure defined in Eq. (2.19)

(1 - ic) r, complex representation of angular motion, Eq. (1.3)

gle ) error integral defined in Eq. (?.18)

k index of axial eigenfunction and eigenvalue

k 1 k2, k 3  coefficients of combination of linearly independent solutions,
(Eq. (2.12)

KF index of final term of sin x x dnd cos Xkx in Eq. (2.6)

K,) yaw amplitude at time t = (

K1  K 0 e t
, yaw amplitude at time t, Eq. (1.3)

nondimensional x (and x) coordinate of pivot point

' MI/, sidewall and endwall contributions, respectively, to liquid

moment about z-axis [g cmn/s 2]

0

index of radial mode for eiqenfrequency, CR

n,, components in the y, z plane of a unit vector lying on

the x-axis

*,nuher of terms in the series given by the 3rd terms of the
right-hand sides of Eqs. (2.6)

. . ..--.



LIST OF SYMBOLS (Continued)

p pressure/(pa2 s2)

(r,x) r, x variation of perturbation pressure/(Kopa2$2 )

j (r) jth radial eigenfunction in series given by the 3rd
term in Eq. (2.6d)

PO(r) first term in solution to 2, Eq. (2.6d)

Pk(r) coefficient of sin Xkx in series given by the
2nd term of the right-hand side of Eq. (2.6d)

pperturbation pressure/(Kopa2$2), Eq. (2.1d)

2-2P axisymmetric unperturbed pressure/(pa2$2), Wedemeyerspin-up model, Eq. (2.1d)

r (1/a) x radial coordinate in inertial coordinate system

R(r) error function defined in Eq. (2.16)

Re Reynolds number = 2s/

ReE "effective" Reynolds number, Eq. (2.5)

t time [s]

u, v, w (1/[a$]) x radial, azimuthal, axial velocity components,
respectively, in inertial frame

u, v, w (1/[Koa]) r, x variation of perturbation radial,

azimuthal, axial velocity components, Eq. (2.2)

U J, w coefficients of sin wjx and cos pux in series expansions

for u, v, w, p (3rd terms of right-hand sides of Eqs. (2.6))
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LIST OF SYMBOLS (Continued)

uk, vk, wk  coefficients of sin Xkx and cos Xkx in series expansions for

u, v, w (2nd terms of right-hand sides of Eqs. (2.6))

u0 v0  w 1st terms in right-hand sides of Eqs. (2.6a), (2.6b), and (2.6c)

u, v, w (I/[Koa$]) x radial, azimuthal, axial perturbation velocity

components in inertial system, Eqs. (2.1) and (2.2)

U, V, W (1/[a$]) x radial, azimuthal, axial velocity components of
axisymmetric unperturbed flow, Eq. (2.1)

Ui, Vi" Wi (i = 1, 2, 3) linearly independent solutions which are

combined to obtain u0 , vo, w0 , Eq. (2.12)

x, y, z rectangular coordinates in inertial system (x-axis along
trajectory) [length/a], y = r cos 0, z = r sin e

x, y, z rectangular coordinates in aeroballistic system (x-axis
along cylinder axis) [length/a]

quantity defined in Eq. (2.4b), used in evaluating C(LSM)VE

6E correction term in ad hoc endwall boundary condition,

Eqs. (2.3) and (2.4c)

= (1/T) x yaw growth per radian of nutation

= 0 for * 0, = 1 for Xk = 0 (Eqs. (2.23) of Reference 1)

polar angle (azimuthal coordinate) in inertial system

k eigenvalue in dxial problem, Eqs. (2.6) and (2.7)
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LIST OF SYMBOLS (Continued)

eigenvalues occurring in series given by the 3rd terms of
the right-hand sides of Eq. (2.6); see paragraph preceding
Eq. (2.8)

kinematic viscosity of liquid [cm2 /s]

vector describing angular motion of cylinder, Eqs. (1.1)
and (1.2)

P pdensity of liquid [g/cm 3]

nutational frequency of cylinder/$

spin rate of cylinder [rad/s], taken to be positive

(r) function defined in Eq. (2.17e), used in Eq. (2.16)
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